Abstract. An integer of the form pmpxq " pm´2qx 2´p m´4qx 2 pm ě 3q, for some integer x is called a generalized polygonal number of order m. A ternary sum Φ
Introduction
A polygonal number is a number represented as dots or pebbles arranged in the shape of a regular polygon. More precisely, a polygonal number of order m (or an m-gonal number) for m ě 3 is defined by p m pxq " pm´2qx 2´p m´4qx 2 for some non negative integer x. If we admit that x is a negative integer, then p m pxq is called a generalized polygonal number of order m (or a generalized mgonal number). By definition, every polygonal number of order m is a generalized polygonal number of order m. However, the converse is true only when m " 3, 4.
A famous assertion of Fermat states that every positive integer can be expressed as a sum of three triangular numbers, which was proved by Gauss in 1796. This follows from the Gauss-Legendre theorem, which states that every positive integer which is not of the form 4 k p8l`7q with non negative integers k and l, is a sum of three squares of integers.
In general, a ternary sum Φ a,b,c i,j,k " ap i pxq`bp j pyq`cp k pzq pa, b, c ą 0q of polygonal numbers is called universal over N if for any non negative integer n, the diophantine equation (1.1) ap i pxq`bp j pyq`cp k pzq " n has a non negative integer solution x, y, z. It is called universal over Z if the above equation has an integer solution.
In 1862, Liouville generalized Gauss's triangular theorem as follows: for positive integers a, b, c pa ď b ď cq, the ternary sum ap 3 pxq`bp 3 pyq`cp 3 pzq of triangular numbers is universal if and only if pa, b, cq is one of the following triples: p1, 1, 1q, p1, 1, 2q, p1, 1, 4q, p1, 1, 5q, p1, 2, 2q, p1, 2, 3q, p1, 2, 4q.
In [3] , [8] and [10] , Sun and his collaborators determined all ternary universal sums of the form ap 3 pxq`bp 3 pyq`cp 4 pzq or ap 3 pxq`bp 4 pyq`cp 4 pzq. There does not exist a universal sum of the form ap 4 pxq`bp 4 pyq`cp 4 pzq for any positive integers a, b, c. Hence, to find all ternary sums of polygonal numbers that are universal over N, we may assume that ti, j, ku ‰ t3, 4u. Recently, Sun gave in [11] a complete list of 95 candidates of ternary sums of polygonal numbers that are universal over N under this assumption.
In fact, the proof of the universality over Z of a ternary sum of polygonal numbers is much easier than the proof of universality over N. For this reason, one may naturally ask the universalities over Z of 95 candidates of ternary sums. Related with this question, Sun and Ge proved in [2] and [11] that 62 ternary sums among 95 candidates are, in fact, universal over Z. The remaining 33 " 95´62 candidates are as follows:
(1.2) p 3`9 p 3`p5 , p 3`2 p 4`4 p 5 , p 3`4 p 4`2 p 5 , p 3`2 p 3`p7 , p 3`p4`2 p 7 , p 3`p5`p7 , p 3`p5`4 p 7 , p 3`2 p 5`p7 , p 3`p7`2 p 7 , p 3`2 p 3`2 p 8 , p 3`p7`p8 , p 3`2 p 3`p9 , p 3`2 p 3`2 p 9 , p 3`p4`p9 , p 3`p4`2 p 9 , p 3`2 p 4`p9 , p 3`p5`2 p 9 , 2p 3`p5`p9 , p 3`p3`p12 , p 3`2 p 3`p12 , p 3`2 p 3`2 p 12 , p 3`p4`p13 , p 3`p5`p13 , p 3`2 p 3`p15 , p 3`p4`p15 , p 3`2 p 3`p16 , p 3`p3`p17 , p 3`2 p 3`p17 , p 3`p4`p17 , p 3`2 p 4`p17 , p 3`p4`p18 , p 3`2 p 3`p23 , p 3`p4`p27 .
In this paper, we prove that 17 ternary sums written in boldface in the above remaining candidates are universal over Z. In most cases, we use the method developed in [7] . For those who are unfamiliar with it, we briefly review this method in Section 2.
The term "lattice" will always refer to a positive definite integral Z-lattice on an n-dimensional positive definite quadratic space over Q. Let L " Zx 1`¨¨¨`Z x n be a Z-lattice of rank n. The corresponding symmetric matrix M L is defined by
If M L is diagonal, then we simply write L " xQpx 1 q, . . . , Qpx n qy. The genus of L is the set of all lattices that are locally isometric to L, which is denoted by genpLq. The subset of genpLq consisting of all lattices that are isometric to L itself is denoted by rLs. An integer a is called an eligible integer of L if it is locally represented by L. Note that any eligible integer of L is represented a lattice in the genus of L. The set of all eligible integers of L is denoted by QpgenpLqq. Similarly, QpLq denotes the set of all integers that are represented by L itself. For an integer a, Rpa, Lq denotes the set of all vectors x P L such that Qpxq " a, and rpa, Lq denotes its cardinality. For a set S, we define˘S " ts : s P S or´s P Su. For two vectors v " pv 1 , v 2 , . . . , v n q, w " pw 1 , w 2 , . . . , w n q P Z n and a positive integer s, if v i " w i pmod sq for any i " 1, 2, . . . , n, then we write v " w pmod sq.
Any unexplained notations and terminologies can be found in [5] or [9] .
General tools
Let i, j and k be integers with 1 ď i ď j ď k. Recall that for positive integers a, b and c, a ternary sum Φ a,b,c i,j,k px, y, zq " ap i`2 pxq`bp j`2 pyq`cp k`2 pzq of generalized polygonal numbers is universal over Z if Φ a,b,c i,j,k px, y, zq " n has an integer solution for any non negative integer n. Since any generalized hexagonal number is a triangular number and vice versa, we always assume that neither i, j nor k is 4. Note that Φ a,b,c i,j,k is universal over Z if and only if the equation
i,j,k pnq has an integer solution for any non negative integer n. This is equivalent to the existence of an integer solution X, Y and Z of the diophantine equation
i,j,k pnq satisfying the following congruence condition (2.3) X "´i`2 pmod 2iq, Y "´j`2 pmod 2jq and Z "´k`2 pmod 2kq.
In some particular cases, representations of quadratic forms with some congruence conditions corresponds to representations of a subform which is taken suitably(for details, see [4] ). The following lemma reveals this correspondence more concretely in our case.
Lemma 2.1. Assume that i, j, k and a, b, c given above satisfy the followings:
(i) ti, j, ku Ă S P " t1, 2, p n , 2p n : p is an odd prime and n ě 1u; (ii) all of pi, jkaq, pj, ikbq and pk, ijcq are one or two; (iii) either i, j, k are all even or some of them are odd and
Then there is a quadratic form Qpx, y, zq such that for any integer n, Qpx, y, zq " Ψ Proof. Note that for any s P S P and any integer a with pa, sq " 1, the congruence equation x 2 " a 2 pmod sq has at most two incongruent integer solutions modulo s. First, assume that all of i, j and k are even. From the assumption, we have 
which implies that 4v "˘pj´2q pmod 2jq and 4k "˘pk´2q pmod 2kq. Now since jkau 2 " jkapi´2q 2 pmod 32iq and a ı 0 pmod 8q by the condition (iii), we have u 2 " pi´2q 2 pmod 2iq. Hence u "˘pi´2q pmod 2iq. Therefore by choosing the signs suitably, we may find an integer solution of (2.2) satisfying (2.3).
Assume that exactly two of i, j, k, say j, k, are odd. Define
Assume that pu, v, wq P Z 3 is an integer solution of Qpx, y, zq " Ψ a,b,c i,j,k pnq. Then, similarly to the above, we may easily show that 4u "˘pi´2qˆmod i 2˙, v "˘pj´2q pmod jq, v´4w "˘pk´2q pmod kq.
Since i " 2 pmod 4q, we have 4u "˘pi´2q pmod 2iq. Furthermore, since Finally, if all of i, j, k are odd, then we define
The proof of the remaining part is quite similar to the above. For 4-th, 9-th and 14-th cases among them, we prove their universalities by using some other methods. For details, see Section 3.
For the representation of an arithmetic progression by a ternary quadratic form, we use the method developed in [6] and [7] . For those who are unfamiliar with this, we briefly introduce how it works.
Let d be a positive integer and let a be a non negative integer pa ď dq. We define
For ternary Z-lattices M, N on the quadratic space V , we define
A coset (or, a vector in the coset) v P RpN, d, aq is said to be good with respect to M, N, d and a if for any x P N satisfying x " v pmod dq, there is a σ P RpM, N, dq such that σpxq P M . If every vector contained in RpN, d, aq is good, we write
The set of all good vectors in RpN, d, aq is denoted by
Note that the converse is not true in general.
The following theorem is a slightly modified version of Corollary 2.2 of [7] :
. Under the same notations given above, assume that there is a partition
and for each r P j , there is a r τ j P OpV q such that
Then we have
where the vector z i is a primitive vector in N which is an eigenvector of τ i .
Proof. From the conditions (iv) and (v), we may assume that
Hence the theorem follows directly from Corollary 2.2 in [7] . 
Ternary universal sums of polygonal numbers
In this section, we prove that 17 ternary sums of generalized polygonal numbers among 33 candidates are, in fact, universal over Z. For the list of all candidates, see (1.2) in the introduction.
(i) p 3 pxq`9p 3 pyq`p 5 pzq. First, we define M " x4, 12, 27y, N " x3, 4, 12y.
Note that the class number of N is one and every integer of the form 24n`7 is represented by N . One may easily show by a direct computation that pv 1 , v 2 , v 3 q P RpN, 24, 7q´R M pN, 24, 7q if and only if v 1 , v 2 "˘1 pmod 6q, v 3 " 0 pmod 6q and satisfies the following properties:
Note that RpN, 24, 7q´R M pN, 24, 7q contains exactly 128 vectors. Define
where
and
.
Then it satisfies all conditions in Theorem 2.3. The eigenvector of τ 1 is z 1 " p1,´1, 0q and r τ 1 p´1,´1, 0q " p1,´1, 0q. Hence if 24n`7 is not of the form Qp˘t,¯t, 0q " 7t 2 for some positive integer t, then it is also represented by M .
Assume that 24n`7 " 7t 2 for a positive integer t and there is a prime p ą 3 dividing t. Since the class number of N is one, we have
by the Minkowski-Siegel formula. Hence there is a representation which is neither contained in the eigenspace of τ 1 nor the inverse image of the eigenspace by r τ 1 . Therefore every integer of the form 24n`7 for a positive integer n is represented by M , that is, the equation
has an integer solution X, Y, Z for any integer n. Since Y´4X " Y " Z " 1 pmod 2q and Y´4X "˘1 pmod 3q, the equation
has an integer solution for any non negative integer n, which implies that the ternary sum p 3 pxq`9p 3 pyq`p 5 pzq is universal over Z by (2.1).
(ii) p 3 pxq`2p 4 pyq`4p 5 pzq. Let M " x3, 4, 48y, N " x3, 4, 12y.
Since S 24,7 Ă QpgenpNand hpN q " 1, we have S 24,7 Ă QpN q. One may easily show that RpN, 4, 3q´R M pN, 4, 3q "˘tp1, 0, 1q, p1, 0, 3q, p1, 2, 1q, p1, 2, 3qu.
Let P 1 "˘tp1, 0, 1q, p1, 2, 3qu, r P 1 "˘tp1, 0, 3q, p1, 2, 1qu and
Then one may easily show that it satisfies all conditions in Theorem 2.3. The eigenvector of τ 1 is z 1 " p1, 0, 1q and Qpz 1 q " 15, which is not of the form 24n`7. Therefore we have S 24,7 Ă QpM q. This implies that the equation 3X 2`4 Y 24 8Z 2 " 24n`7 has an integer solution X, Y, Z for any non negative integer n. Since X is odd and Y is relatively prime to 6, the equation
has an integer solution for any non negative integer n. Hence by (2.1), the ternary sum p 3 pxq`2p 4 pyq`4p 5 pzq is universal over Z.
(iii) p 3 pxq`4p 4 pyq`2p 5 pzq. Let M " x2, 3, 96y, N "¨5 
has an integer solution for any non negative integer n. Therefore the ternary sum p 3 pxq`4p 4 pyq`2p 5 pzq is universal over Z.
(iv) p 3 pxq`2p 3 pyq`p 7 pzq. First, we show that for any eligible integer 8n of
2 , the equation F pX, Y, Zq " 8n has an integral solution pX, Y, Zq " pa, b, cq with a " b " c " 1 pmod 2q, unless n " 0 pmod 5q. Since the class number of F is 1, F pX, Y, Zq " 8n has an integer solution pX, Y, Zq " pa, b, cq. One may easily check that all of a, b and c have same parity. Suppose that a, b and c are all even. Then a " b pmod 4q and there is another representation
Since there are only finitely many representations of 8n and τ "
4¨1
5 10 1 3´2 1´1 2‚ has an infinite order, there is a positive integer m such that each component of the vector τ m pa, b, cq " pa m , b m , c m q is odd, unless pa, b, cq is not an eigenvector of τ 1 . Note that pa, b, cq " p0,´2t, tq is an eigenvector of τ and F p0,´2t, tq " 30t 2 . Note that any positive integer of the form 40n`24 for some non negative integer n is an eligible integer of F and the class number of F is one. Hence the equation F pX, Y, Zq " 40n`24 has an integer solution X, Y, Z such that X " Y " Z " 1 pmod 2q and X "˘2 pmod 5q, which implies that 5p2x´1q 2`1 0p2y´1q
has an integer solution for any non negative integer n. Therefore by (2.1), the ternary sum p 3 pxq`2p 3 pyq`p 7 pzq is universal over Z. p1, 0, 1q,˘p1, 0, 7q,˘p1, 2, 3q,˘p1, 2, 5q,˘p1, 4, 1q,˘p1, 4, 7q, p1, 6, 3q,˘p1, 6, 5q,˘p3, 0, 3q,˘p3, 0, 5q,˘p3, 2, 1q,˘p3, 2, 7q, p3, 4, 3q,˘p3, 4, 5q,˘p3, 6, 1q,˘p3, 6, 7q.
Let has an integer solution for any non negative integer n, which implies that the ternary sum p 3 pxq`p 4`2 p 7 pzq is universal over Z.
(vi) p 3 pxq`p 5 pyq`p 7 pzq. Let M " x5y Kˆ1 2´6 6 18˙, N " x2, 15, 30y.
Note that genpM q " trM s, rN su. In this case, we have RpN, 4, 3q´R M pN, 4, 3q "˘tp0, 1, 0q, p2, 1, 2qu.
If we define P 1 " RpN, 4, 3q´R M pN, 4, 3q and τ 1 "
, it satisfies all conditions in Theorem 2.3. The eigenvector of τ 1 is z 1 " p0, 1, 0q and Qp0, 1, 0q " 15. Therefore pS 4,3 X QpN qq´15Z 2 Ă QpM q. Since S 120,47 Ă QpgenpM qq, we have S 120,47 Ă QpM q. Note that if the equation
has an integer solution X, Y, Z, then Z´2X " Y " Z " 1 pmod 2q, Y ı 0 pmod 3q and Z´X "˘2 pmod 5q. Hence the equation
has an integer solution for any non negative integer n, which implies that the ternary sum p 3 pxq`p 5 pyq`p 7 pzq is universal over Z by (2.1).
(vii) p 3 pxq`2p 5 pyq`p 7 pzq. Let
x20y.
Note that genpM q " trM s, rN su. One may easily show by a direct computation that N ă 15,11 M . Since S 60,26 Ă QpgenpM qq, we have S 60,26 Ă QpM q. Now consider the equation
Since f is isometric to 2M , the above equation has an integer solution X, Y, Z for any non negative integer n. Furthermore, since Z´4X " Y " Z " 1 pmod 2q, Y ı 0 pmod 3q and Z´4X "˘2 pmod 5q, the equation
has an integer solution for any non negative integer n. Therefore the ternary sum p 3 pxq`2p 5 pyq`p 7 pzq is universal over Z.
(viii) p 3 pxq`p 7 pyq`2p 7 pzq. Let , N " x2, 5, 25y.
Note that genpM q " trM s, rN su. One may easily show by a direct computation that N ă 8,0 M . Since S 40,32 Ă QpgenpM qq, we have S 40,32 Ă QpM q. Now consider the equation
Since f is isometric to M , the above equation has an integer solution for any non negative integer n. Therefore the equation gpX, Y, Zq " X 2`2 Y 2`5 Z 2 " 40n`24 has an integer solution X, Y, Z with X " Y pmod 5q. Furthermore all of X, Y and Z have same parity. Suppose that px, y, zq " pa, b, cq is an integer solution of gpx, y, zq " 40n`32 such that a " b pmod 5q and a " b " c " 0 pmod 2q. Then a " c pmod 4q and there is another representation
has an infinite order, there is a positive integer m such that each component of the vector τ m pa, b, cq " pa m , b m , c m q is odd and a m " b m pmod 5q, unless pa, b, cq is not an eigenvector of τ . Note that pa, b, cq " p´2t, t, 0q is an eigenvector of τ and gp´2t, t, 0q " 6t 2 ı 2 pmod 5q. Hence for any non negative integer n, gpX, Y, Zq " 40n`32 has an integer solution X, Y, Z such that X " Y pmod 5q and all of X, Y and Z are odd. Therefore the equation
has an integer solution for any non negative integer n, which implies that the ternary sum p 3 pxq`p 7 pyq`2p 7 pzq is universal over Z by (2.1).
(ix) p 3 pxq`2p 3 pyq`2p 8 pzq. Let M " x3, 6, 16y, N " x1y Kˆ1 8 6 6 18˙.
Note that genpM q " trM s, rN su. By a direct computation, we may easily check that RpN, 3, 1q´R M pN, 3, 1q "˘tp1, 0, 0qu. If we define
, then it satisfies all conditions in Theorem 2.3. The eigenvector of τ 1 is z 1 " p1, 0, 0q and Qp1, 0, 0q " 1. Since S 24,1 Ă QpgenpM qq, we have S 24,1 Ă QpM q, unless 24n`1 is not a square of an integer. Since N is contained in the spinor genus of M and 1 is represented by N , every square of an integer that has a prime divisor bigger than 3 is represented by both M and N by Lemma 2.4. Therefore every integer of the form 24n`1 for some positive integer n is represented by M . If the equation 3X 2`6 Y 2`1 6Z 2 " 24n`25 has an integer solution X, Y, Z, then X, Y are odd and Z is not divisible by 3. Hence the equation
has an integer solution for any non negative integer n, which implies that the ternary sum p 3 pxq`2p 3 pyq`2p 8 pzq is universal over Z by (2.1).
x20y, N " x5y Kˆ9 3 3 21˙.
Note that genpM q " trM s, rN su. One may show by a direct computation that N ă 30,11 M . Since S 60,41 Ă QpgenpM qq, we have S 60,41 Ă QpM q. Hence the equation
has an integer solution X, Y, Z for any non negative integer n. Since Y´2X " Y " 1 pmod 2q, Y´2X "˘2 pmod 5q and Z ı 0 pmod 3q, the equation
has an integer solution for any non negative integer n. Therefore by (2.1), the ternary sum p 3 pxq`p 7 pyq`p 8 pzq is universal over Z.
(xi) p 3 pxq`2p 3 pyq`p 9 pzq. Let M " x1y Kˆ2 1 14 14 28˙, N " x1, 7, 14y, N 1 " x2, 7, 7y. , then it satisfies all conditions in Theorem 2.3. The eigenvector of τ 1 is z 1 " p0, 0, 1q and Qp0, 0, 1q " 14. Since pS 8,6 X QpN qq´14Z 2 Ă QpM q by Theorem 2.3, we have S 56,46 Ă QpM q. Hence the equation
has an integer solution X, Y, Z for any non negative integer n. Since X " Z´2Y " Z " 1 pmod 2q and X "˘2 pmod 7q, the equation
has an integer solution for any non negative integer n, which implies that the ternary sum p 3 pxq`2p 3 pyq`p 9 pzq is universal over Z by (2.1).
(xii) p 3 pxq`p 4 pyq`p 9 pzq. Let
Note that genpM q " trM s, rN su. One may easily show by a direct computation that N ă 4,0 M . Since S 28,16 Ă QpgenpM qq, we have S 28,16 Ă QpM q. Hence the equation
has an integer solution for any non negative integer n. Therefore the equation gpX, Y, Zq " X 2`7 Y 2`5 6Z 2 " 56n`32 has an integer solution pa, b, cq with a " b pmod 2q. Suppose that pa, b, cq is an integer solution of gpx, y, zq " 56n`32 satisfying a " b " 0 pmod 2q. Note that gˆa´2 b 2 , a`2b 2 , c˙" gpa, b, cq " 56n`32.
Since τ "
2 " 0 pmod 7q, the equation gpX, Y, Zq " 56n`32 has an integer solution X, Y, Z such that X " Y " 1 pmod 2q and X "˘2 pmod 7q, for any non negative integer n. Hence the equation 7p2x´1q`56y
has an integer solution for any non negative integer n. Therefore by (2.1), the ternary sum p 3 pxq`p 4 pyq`p 9 pzq is universal over Z.
(xiii) p 3 pxq`p 5 pyq`2p 9 pzq. This case is one of the most complicate one. Let .
Note that genpM q " trM s, rN s, rN 1 su and S 21,10 Ă QpgenpM qq. One may easily show that N 1 ă 21,10 N . The set RpN, 21, 10q´R M pN, 21, 10q consists of 48 vectors, which is the union of the following sets: P 1 "˘tv : v " p4, 0, 17q, p10, 0, 11q pmod 21qu, P 2 "˘tv : v " p2, 17, 19q, p5, 11, 16q pmod 21qu, P 3 "˘tv : v " p2, 11, 13q, p5, 17, 1q pmod 21qu, P 4 "˘tv : v " p1, 0, 0q, p1, 12, 9q, p8, 0, 0q, p8, 12, 9q pmod 21qu, r P 1 "˘tv : v " p2, 9, 1q, p2, 17, 2q, p4, 12, 8q, p5, 11, 5q, p5, 12, 13q, p10, 9, 20q pmod 21qu, r P 2 "˘tv : v " p1, 0, 18q, p1, 4, 1q, p1, 12, 12q, p2, 0, 13q, p5, 0, 1q, p8, 11, 8q, p8, 12, 12q, p13, 0, 3q pmod 21qu.
We also define
, τ 3 " 1 21¨´1 5´1´34  6  1  34  6 13 1‚
, and
Note that each τ i satisfies the condition (i),(ii) of Theorem 2.3. One may easily show that P 1 and τ 1 satisfy the condition (iii) of Theorem 2.3. For any v P P 2 , we may easily check that τ 2 pvq P N and if τ 2 pvq pmod 21q R R M pN, 21, 10q, then τ 1 τ 2 pvq P N and τ 1 τ 2 pvq pmod 21q P R M pN, 21, 10q Y P 2 .
For example, assume that v " pv 1 , v 2 , v 3 q " p2, 17, 19q pmod 21q. Then τ 2 pvq is either a good vector or congruent to p19, 4, 19q modulo 21. If the latter holds, then τ 1 τ 2 pvq is either a good vector or congruent to p2, 17, 19q modulo 21. Note that the order of τ 1 τ 2 is infinite.
For any v 1 P P 3 , one may easily check that τ 3 pv 1 q P N and if τ 3 pv 1 q pmod 21q R R M pN, 21, 10q Y P 2 , then
Note that the order of τ 1 τ 3 is infinite. Furthermore, for any v 2 P P 4 , one may easily check that τ 4 pv 2 q P N and τ 4 pv 2 q pmod 21q
Note that for any r v 1 P r P 1 ,
If r v 2 P r P 2 , then one of vectors in
is contained both in N and in R M pN, 21, 10q Y P 3 modulo 21. Therefore, though the situation is slightly different from the theorem, we may still apply Theorem 2.3 to this case. The primitive eigenvectors of τ 1 , τ 1 τ 2 , τ 1 τ 3 and τ 4 are p´1, 0, 1q, p´1, 2, 1q, p5,´4, 1q and p1, 0, 0q, respectively. Note that Qp´1, 0, 1q " 40, Qp´1, 2, 1q " 76, Qp5,´4, 1q " 304 and Qp1, 0, 0q " 10.
Therefore if 168n`10 is not of the form 10t 2 for some positive integer t, then 168n`10 is represented by M . Assume that 168n`10 " 10t 2 for some positive integer t ą 1. Then t has a prime divisor relatively prime to 2¨3¨7. Since N, N 1 P spnpM q, and both N and N 1 represent 10, M represents 10t 2 by Lemma 2.4. Therefore every integer of the form 168n`10 for a positive integer n is represented by M . Hence the equation
has an integer solution X, Y, Z for any non negative integer n. Since X " 2Y´X " Z " 1 pmod 2q, 2Y´X ı 0 pmod 3q and X "˘2 pmod 7q, the equation
has an integer solution for any non negative integer n, which implies that the ternary sum p 3 pxq`p 5 pyq`2p 9 pzq is universal over Z. 
Since f is isometric to 2M , the above equation has an integer solution X, Y, Z for any non negative integer n. Since Y " Y´4X pmod 4q, Y´4X, Y and Z are all odd. Furthermore, X "˘2 pmod 7q and Y ı 0 pmod 3q. Therefore the equation
has an integer solution for any non negative integer n, which implies that the ternary sum 2p 3 pxq`p 5 pyq`p 9 pzq is universal over Z.
(xv) p 3 pxq`p 3 pyq`p 12 pzq. Let M " x4, 5, 5y, N " x1, 5, 20y.
Note that genpM q " trM s, rN su and S 20,1 Ă QpgenpM qq. The set RpN, 20, 1qŔ
M pN, 20, 1q consists of following vectors: p1, 0, 0q,˘p1, 0, 5q,˘p1, 0, 10q,˘p1, 0, 15q,˘p1, 10, 0q,˘p1, 10, 5q, p1, 10, 10q,˘p1, 10, 15q,˘p9, 0, 0q,˘p9, 0, 5q,˘p9, 0, 10q,˘p9, 0, 15q, p9, 10, 0q,˘p9, 10, 5q,˘p9, 10, 10q,˘p9, 10, 15q.
If we define P 1 " RpN, 20, 1q´R M pN, 20, 1q and τ 1 "
, then it satisfies all conditions in Theorem 2.3. The eigenvector of τ 1 is z 1 " p1, 0, 0q and Qp1, 0, 0q " 1. Therefore if 20n`1 is not of the form t 2 for a positive integer t, then it is represented by M . Since N is contained in the spinor genus of M and 1 is represented by N , every square of an integer that has a prime divisor relatively prime to 10 is represented by M by Lemma 2.4. Therefore every integer of the form 20n`1 for a positive integer n is represented by M . Now consider the equation
Since f is isometric to 2M , the above equation has an integer solution X, Y, Z for any non negative integer n. Since Y´2X " Y " Z " 1 pmod 2q and Z "˘2 pmod 5q, the equation
has an integer solution for any non negative integer n, which implies that the ternary sum p 3 pxq`p 3 pyq`p 12 pzq is universal over Z. Let
Then one may easily show that it satisfies all conditions in Theorem 2.3. The eigenvectors for τ 1 , τ 2 are z 1 " p1, 1, 0q and z 2 " p1,´1, 0q, respectively and Qp1, 1, 0q " Qp1,´1, 0q " 7. Therefore if 40n`7 is not of the form 7t 2 for some positive integer t, then 40n`7 is represented by M .
Assume that there is a positive integer t ą 1 such that 40n`7 " 7t 2 . Then t has a prime divisor relatively prime to 10. Since N P spnpM q and N represents 7, M represents 7t 2 for any t ą 1 by Lemma 2.4. Therefore every integer of the form 40n`7 for a positive integer n is represented by M . Hence the equation 5X 2`8 Y 2`1 0Z 2 " 40n`47 has an integer solution X, Y, Z for any non negative integer n. Since X " Z " 1 pmod 2q and Y "˘2 pmod 5q, the equation 5p2x´1q 2`1 0p2y´1q 2`8 p5z´2q 2 " 40n`47
has an integer solution for any non negative integer n. Therefore the ternary sum p 3 pxq`2p 3 pyq`p 12 pzq is universal over Z by (2.1).
(xvii) p 3 pxq`p 5 pyq`p 13 pzq. Let M pN, 12, 11q consists of following vectors: p1, 11, 0q,˘p2, 0, 1q,˘p2, 0, 7q,˘p2, 1, 11q,˘p2, 7, 5q,˘p3, 2, 0q, p3, 10, 0q,˘p4, 5, 1q,˘p4, 6, 5q,˘p4, 6, 11q,˘p4, 11, 7q,˘p5, 7, 0q.
We define a partition of RpN, 12, 11q´R M pN, 12, 11q as follows:
P 1 " tpv 1 , v 2 , v 3 q | v 1`v2`v3 " 0 pmod 12qu, P 2 " tpv 1 , v 2 , v 3 q | v 1`v2`v3 " 2, 4, 8, 10 pmod 12qu, r P 1 " tpv 1 , v 2 , v 3 q | v 1`v2`v3 " 1 pmod 2q, v 2 " 2 pmod 4qu, r P 2 " tpv 1 , v 2 , v 3 q | v 1`v2`v3 " 1 pmod 2q, v 2 " 0 pmod 4qu.
We also define , and r τ 2 " r τ 2 1 . Then one may easily show that it satisfies all conditions in Theorem 2.3. The eigenvectors for τ 1 , τ 2 are z 1 " p´1, 1, 0q , z 2 " p´2,´1, 1q, respectively, and Qpz 1 q " 23, Qpz 2 q " 143. Therefore if 264n`23 is not of the form 23t
2 for a positive integer t, then 264n`23 is represented by M .
Assume that 264n`23 " 23t 2 for some positive integer t greater than 1. Then t has a prime divisor relatively prime to 2¨3¨11. Since N, N 1 P spnpM q and both N and N 1 represent 23, M represents 23t 2 by Lemma 2.4. Therefore every integer of the form 264n`23 for a positive integer n is represented by M . Hence the equation 264n`287 " 3pZ´2Xq 2`1 1pZ´2Y q 2`3 3Z 2 " 12X 2`4 4Y 2`3 3Z 2´1 2XZ´44Y Z has an integer solution X, Y, Z for any non negative integer n. Since Z´2X " Z´2Y " Z " 1 pmod 2q, Z´2X "˘2 pmod 11q and Z´2Y ı 0 pmod 3q, the equation 33p2x´1q 2`1 1p6y´1q 2`3 p22z´9q 2 " 264n`287
has an integer solution for any non negative integer n. Therefore the ternary sum p 3 pxq`p 5 pyq`p 13 pzq is universal over Z by (2.1).
